This paper concerns the approximate controllability of a class systems governed by coupled degenerate equations. The equations may be weakly degenerate and strongly degenerate on the boundary. It is shown that the systems are approximately controllable by constructing the controls via the conjugate problems.
Introduction
In this paper, we investigate the approximate controllability of the coupled degenerate parabolic equations ) for j = , . Equations (.) and (.) can be used to describe some physical models. For instance, in [] we can find a motivating example of a Crocco-type equation coming from the study of the velocity field of laminar flow on a flat plate. It is noted that (.) and (.) may be degenerate at some points on ∂ × (, T). According to [] , we can prescribe the following boundary and initial values:
Note that j denotes the nondegenerate and weak degenerate part of the lateral boundary, which does not include the strong degenerate part. For example, if n = , = (, ), a  (x, t) = a  (x, t) = x α , then if α = , the boundary x =  is nondegenerate part; if  < α < , the boundary x =  is weak degenerate part; if α ≥ , the boundary x =  is strong degenerate part. When j = ∅, the equations are in strong degeneracy at each point of the lateral boundary. Controllability theory has been widely investigated for the systems governed by nondegenerate parabolic equations over the last  years and there have been a great number of results (see for instance [-] and the references therein for a detailed account). However, the study of the systems governed by degenerate parabolic equations just began several years ago and there are some results (see [-] and the references therein). Different from nondegenerate parabolic equations, the null controllability and the approximate controllability for the systems governed by degenerate parabolic equations may be inconsistent. Indeed, if n = , = (, ), and
it is shown that the system (. 
and showed that the system is null controllable if  < α <  in [] .
In the present paper, we prove the approximate controllability of the system (.)-(.). That is to say, for any admissible error value ε >  and the desired datum (
there exists a control function h such that the solution (y, u) to the problem (.)-
2 Well-posedness and approximate controllability
The solutions to the problem (.)-(.) are defined as follows.
Definition . A pair of functions (y, u) is called a weak solution to the problem (
Here, B j is the closure of C ∞  (Q T ) with respect to the norm
Similar to the single equation case (Theorem . in []), one can prove the following well-posedness.
Theorem . Assume a j ∈ C(Q T ) is positive in × (, T) with
admits uniquely a weak solution (y, u). Furthermore, the solution (y, u) satisfies
Remark . If u ∈ B j , then u| j =  in the trace sense, while there is no trace on (∂ × (, T)) \ j in general.
The study of the approximate controllability of the system (.)-(.) is related to its conjugate system
where Define the functional
where (·, ·), (·, ·) H is the inner product in H .
Proposition . J(·) is strictly convex and satisfies
lim (z  ,v  ) H →+∞ inf J((z  , v  )) (z  , v  ) H ≥ ε. (  .  )
Furthermore, J(·) reaches its minimum at a unique point (ẑ  ,v  ) in H and
Proof Note that L is a linear operator, one can easily prove that J(·) is strictly convex and continuous. Now we prove (.) by contradiction. Otherwise, there exists a sequence
There exists a subsequence of {(z 
which, together with Proposition ., leads to (z,ṽ) = (, ) in Q T and thus (z  ,ṽ  ) = (, ) in . Thus
which contradicts (.) and completes the proof of (.).
From (.), the strict convexity and the continuity of J(·), J(·) must achieve its minimum at a unique point in H .
Finally, we prove (.). On the one hand, if (y d , u d ) H ≤ ε, it follows from the Hölder inequality that
and thus (ẑ  ,v  ) = (, ). On the other hand, if (ẑ  ,v  ) = (, ), then
Now, we are ready to prove the approximate controllability of the system (.)-(.). 
Theorem . Assume a j ∈ C(Q T ) is positive in × (, T) with
It follows from the definition of the weak solution (y, u) to the problem (.)-(.) with (.) and h =ẑ that 
